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The fundamental importance of complete spaces lies in the fact that to
prove a sequence is convergent in such a space, one needs only prove it is a
Cauchy sequence (one also says that such a sequence satisfies the Cauchy
criterion); the main difference between application of that test and of the
definition of a convergent sequence is that in the Cauchy criterion one does
not need to know in advance the value of the limit.
We have already mentioned that on a same set E, two distances dl9 d2
may be topologically equivalent, but the identity mapping of Et into E2
(El9 E2 being the corresponding metric spaces) may fail to be uniformly
continuous. This is the case, for instance, if we take E = R, d2(x, y) = \x — y |,
di(x, y) being the distance in the extended real line, restricted to R; E2 is
then complete and not Et since Ex is not closed in R. When two distances
dl9 d2 are such that the identity mapping of EA into E2 is uniformly contin-
uous as well as the inverse mapping, dv and d2 are said to be uniformly
equivalent. Cauchy sequences are then the same for both distances. For
instance, if there exist two real numbers a > 0, /? > 0 such that, for any
pair of points x, y in E, ctd^x, y) < d2(x, y) < fid^x, y)9 then d1 and d2 are
uniformly equivalent distances.
Let E, E' be two metric spaces, A a subset of E,/a mapping of A into E';
the oscillation off in A is by definition the diameter <5(/(A)) (which may
be + oo). Let a be a cluster point of A; the oscillation off at the point a with
respect to A is Q(a;f) =inf <5(/(V n A)), where V runs over the set of
v
neighborhoods of a (or merely a fundamental system of neighborhoods).
(3.14.6)   Suppose E' is a complete metric space; in order that     lim   f(x)
x-*a, x 6 A
exist, a necessary and sufficient condition is that the oscillation off at the
point a, with respect to A, be 0,
The condition is necessary by (3.13.2). Suppose conversely that it is
satisfied, and let 00 be a sequence of points of A converging to a; then
it follows from the assumption that the sequence (/OO) is a Cauchy sequence
in E', for, given any a > 0, there is a neighborhood V of a such that
d'(f(x),f(yj) < e for any two points x, y in V n A, and we have xn e V n A
except for a finite number of indices. Hence the sequence (/OO) has a limit
d. Moreover, for any other sequence (yn) of points of A, converging to a, the
limits of (/OO) and of (/OO) are the same since rf'(/00»/00) < e as soon
as xn and yn are both in V n A. Hence lim f(x) = a' from the definition
x-+a, x e A
of the limit and from (3.13.14).

